X-ray pulsar-based navigation (XPNAV) is one of the perfect ways for autonomous deepspace navigation in the future. Due to spacecraft state model errors and strong cosmic background noises, low navigation accuracy is one of the main problems in XPNAV. This paper proposes a robust navigation filtering method to reduce the serious effect of spacecraft state model errors and strong noises on XPNAV. This method uses state model errors and pulsar observation errors to estimate and correct the state model. And then, to predict the spacecraft' state in the next moment with high precision, the gain matrix is adjusted in quasi real-time by using the fading factor to ensure a minimized state estimation error variance in the next moment and an orthogonal residual sequence at different times. Finally, experimental results of multigroup simulations show that the proposed method had significantly improved navigation accuracy. And the accuracy of the proposed method is better than that of H∞ robust filter and STUKF, especially when the state model errors and noise are great. Under the same conditions, compared with the other two methods, the proposed method has the minimum navigation filtering error and the strongest robustness. INDEX TERMS State model error, strong noise, X-ray pulsar-based navigation, robustness.
I. INTRODUCTION
Pulsars are rapidly rotating neutron stars that emit signals with a stable period [1] . Pulsar signals radiating in the X-ray band of the electromagnetic spectrum can be easily recorded by miniaturized X-ray detectors installed on spacecraft [2] . As a novel autonomous navigation method, the X-ray pulsarbased navigation (XPNAV) is available to provide position, velocity, attitude, and timing information for vehicles travelling near the Earth, into deep space, or on interplanetary missions, and has been extensively researched in recent years [3] - [14] .
The basic observations in XPNAV are pulse time-ofarrivals (TOAs), which is determined by comparing the integrated pulse profile at the spacecraft with the standard pulse profile at the solar system barycenter (SSB) [1] - [3] . The orbit of a spacecraft can therefore be estimated by combining the equations of orbital dynamics and pulsar observations [4] .
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However, the forces acting on a spacecraft are complex. And the orbital dynamic model has errors and uncertainties. In addition, the noise and discontinuity of observations also degrade navigation accuracy seriously.
A feasible and effective strategy for resolving the above problem is to combine navigation filtering with the orbital dynamics equation and pulsar measurements to realize autonomous navigation of the spacecraft. The navigation filtering method is thus critical in XPNAV.
In XPNAV, the extended Kalman filter (EKF) is often applied to state estimation of spacecraft and has low computational complexity and fast calculation speed. However, EKF applies a first-order linearization truncation to Taylor's expansion of the nonlinear model and ignores other higherorder terms. It will lead to state model errors and reduce the precision of navigation. Moreover, EKF requires a Jacobian matrix whose calculation is complicated [15] - [17] . The unscented Kalman filter (UKF) uses deterministic sampling to approximate the probability density of spacecraft' states and estimates the mean and covariance without requiring VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ the Jacobian matrix to be solved [18] - [20] , which is helpful to improve the accuracy of XPNAV. However, the filtering precision and robustness of UKF will greatly reduce when noises, interference and large model errors exist. [21] .
To improve the accuracy of XPNAV, the strong tracking unscented Kalman filter (STUKF) [22] uses a fading factor to control gain matrix and forces the residual sequences to be orthogonal. Thus, the STUKF has good robustness against noises and interferences. However, large model errors and the incompletely orthogonal residual sequences will lead to large navigation errors in XPNAV. Recent years, an improved strong tracking SVD-UKF [23] was researched in which multiple fading factor matrices are introduced to realize the strong tracking of the state. An H∞ filter [24] - [26] was used to the CNS/Pulsar integrated navigation due to its robustness to colored noise. A modified unscented Kalman filter (MUKF) was researched to handle the situation where the process and measurement noises are correlative [8] . And a modified square-root unscented Kalman filter (MSUKF) was researched to handle with the problems arisen from the special properties of interplanetary vehicles and employs a fading factor to reduce the impact of modeling error on the proposed navigation system [27] . The above methods can improve navigation accuracy and have good robustness for each problem studied. However, due to lack of estimation and modification of the spacecraft' state model errors, the navigation accuracy will decrease when the state model errors are large. In order to improve measurement model accuracy and reduce model parameter identification error, a robust multiple model adaptive estimation (RMMAE) method was proposed with different measurement models being utilized to satisfy the filter's true statistical information [28] . This method can suppress model parameter identification error. However, as the probability of the best model tends to 1 while the others are 0, which will cause new observations to be ignored by the filter. In addition, the more the model is set, the more accurate the uncertainty of the system model parameters will be described. But the complex parallel filtering structure will increase the calculation amount and the cost of XPNAV. In this paper, a nonlinear predictive strong tracking unscented Kalman filter (NPSTUKF) is proposed to reduce the effect of state model errors and high levels of noises on the accuracy of the orbit determination in XPNAV. This method uses state model errors and observation errors to construct a criterion function of state model error. By minimizing the criterion function, the system state model errors can be estimated. And the system state model can be corrected using the minimum state model error. Then, to predict the spacecraft' state of the next moment with high precision, the gain matrix is adjusted in quasi real-time by using the fading factor to ensure a minimized variance of the state estimation error and an orthogonal residual sequence at different times. Finally, for verifying the robustness and effectiveness of the proposed method, we compared it with STUKF and H∞ robust filter in the situations of a normal situation, strong noise, and in the presence of state model errors. Experimental results of multi-group simulations show that the proposed method can significantly improve the accuracy of position and velocity estimation without increasing the computational complexity. And the accuracy of the proposed method is better than that of the STUKF and the H∞ robust filter, especially when the state model errors and noise are great. This paper is organized as follows. Section 2 gives the model of XPNAV system. Section 3 designs NPSTUKF-based navigation in detail. Section 4 tests the effectiveness of the proposed method in the presence of noises and state model errors in simulations. Section 5 draws conclusions from the simulation results.
II. MODEL OF XPNAV SYSTEM A. XPNAV MEASUREMENT MODEL
The measurement of XPNAV is the difference between the pulse TOA at the SSB, t SSB , which can be predicted by the pulse timing model, and the corresponding pulse TOA at the spacecraft, t SC , which can be calculated at the end of an observation period for a pulsar providing weak pulsed signal [27] . To obtain pulse TOA accurately in XPNAV, measurements must be made relative to the inertial frame of the SSB, which is an unaccelerated frame with respect to pulsars. Thus, a time transformation from the spacecraft to the SSB is needed. Sources of time delay, including the Roemer, Einstein, and Shapiro delays, should be considered. The transformation of the photon arrival time from the spacecraft to the SSB [3] can thus be expressed as
where n = [cos(β) cos(α) cos(β) sin(α) sin(β)] T is the unit direction vector of the pulsar with respect to the SSB obtained using the right ascension α and declination β of the pulsar, c is the speed of light, D 0 is the range from the pulsar to the SSB, and b is the position vector of the Sun with respect to the SSB. The second term on the right-hand side of (1) is the first-order Doppler delay. The third term relates to the effect of annual parallax. The fourth term is the Shapiro delay effect. r is the position vector of the spacecraft, expressed as
r E is the position of the Earth, and r SC/E is the position vector of spacecraft with respect to Earth. The absolute distance between the spacecraft and SSB along the direction of the ith pulsar can be expressed as
In general, the Shapiro delay of the Sun introduces a time difference of arrival (TDOA) measurement error of less than 10 µs. The parallax term introduces a TDOA measurement error of about 0.1 µs. Thus, the navigation errors caused by Shapiro delay of the Sun and parallax term are very small in estimating the position and velocity information of the spacecraft.
Considering the relativistic effects, the spatial geometric effect, and ignoring the delay effect of parallax and Shapiro delay of the Sun alone, this paper uses the offset of TOAs from the corresponding pulsar to the SSB and to the spacecraft to describe the absolute distance between the spacecraft and SSB along the direction of the ith pulsar:
And the measurement model of XPNAV is
where Y = [y (1) , y (2) , . . . , y (N ) ] T , N is the number of the pul-
ζ is the measurement noise matrix, including the higher-order term of the measurement model of XPNAV, which can be modeled as zero-mean Gaussian white noise with standard variance σ r , expressed as
where W is the width of the pulse, c is the speed of light, B X is the X-ray background radiation flux, and F X is the radiation photon flux from the X-ray pulsar. p f is the ratio of the pulse radiation flux to the average radiation flux in a pulse period, d is the ratio of the pulse width to the pulse period, A is the area of X-ray detector, and T obs is the observational period of pulsar signals.
B. ORBIT DYNAMIC MODEL FOR XPNAV
This paper estimates the state vector of the spacecraft's position and velocity in the J2000.0 Earth Centered Inertial coordinate system, only considering Earth's central gravity and J2 perturbation. The state vector of the spacecraft is expressed as
The orbit dynamic model of the spacecraft is modeled aṡ
whereẊ(t) is the derivative of X(t), µ is the gravitational constant of the Earth, R e is the radius of the Earth, and r is the spacecraft's position relative to the Earth. J2 is the nonspherical zonal harmonic coefficient of the Earth. w(t) is the state model error, which comprises unmodeled terms and higher-order terms of other perturbation acceleration.
III. NAVIGATION BASED ON NPSTUKF A. MAIN BASIS OF THE NPSTUKF METHOD
For improve the precision of XPNAV, based on the UKF, this paper proposes a NPSTUKF method by combining the advantages of the nonlinear prediction theory and strong tracking theory to reduce the serious effects of the state model errors and high levels of noises on orbit determination in XPNAV. On the one hand, the proposed method has the ability to estimate and correct the state model error of spacecraft. On the other hand, a fading factor is introduced to realize the quasi real-time adjustment of gain matrix and can ensure the convergence of the navigation filter. Thus, the proposed method can improve the precision of XPNAV. The main ideas behind the propose method are shown in Fig.2 .
B. XPNAV BASED ON THE NPSTUKF
Suppose the state model and the observation model of XPNAV system are estimated as
where˙ X ∈ R n and Y ∈ R m are respectively the estimated values of state vector and observation vector. f (·) and h(·) are nonlinear functions. A(t) ∈ R p×1 represents the estimated value of the state model errors. U ∈ R n×p is the input matrix. In this paper, the system state model errors are mainly due to the unmodeled high-order perturbation forces which affect the acceleration terms.
Firstly, we set the initial value of the spacecraft' state vector X 0 , covariance P 0 and the initial state model error A 0 . Determine the system noise covariance Q. Calculate the pulse TOA estimation error σ TOA and the distance measurement error σ r = c · σ TOA . Determine the observation error covariance
.And set the observation cycle and filtering cycle of the navigation.
In this paper, by adopting the symmetric sampling strategy, the sigma points X k can be selected in accordance with
where n is the number of components in the state vector. λ = α 2 (n + K ) − n, with 0 ≤ α ≤ 1. (chol{P k }) i denotes the ith column of the down triangular matrix after cholesky decomposition for matrix P k . The weights W m and W c are determined as
where β is a parameter associated with prior information of the state. Generally set β = 2.
Here, the discrete forms of the state model and the observation model of XPNAV system can be written as
For accurately estimating and updating the state of spacecraft, it is necessary to estimate the state model errors of spacecraft. In this paper, the state model errors investigated mainly come from the acceleration items corresponding to the unmodeled high-order perturbation force. Thus, according to the model presented as (13) , we need to take the derivative of h( X(t k )) twice along the vector field f ( X(t k )) to show any acceleration component in the state model errors. Here, the Lie derivative is used, which is defined as
And multiple Lie derivatives are defined as
where L 0 f h(x) = h(x) denotes that no derivative is taken. In this paper, we set the system relative degree r i = 2.
Then, using the knowledge of the Lee derivative, the Taylor expansion of the observation equation in (13) is carried out with ignoring the higher-order terms. And the pulsar observations at k+1 time can be predicted using the following expression,
is the predicted pulsar observation at k+1 time. z( X(t k ), t) ∈ R m×1 is the first order term of Taylor expansion. Its expression is [29] 
where
is the second order term of Taylor expansion, where ( t) ∈ R m×m with its diagonal elements λ ii = ( t) r i /(r i !), i = 1, 2, . . . m. S( X(t k )) ∈ R m×q with the element in each row being
where u k is the element of the kth column of matrix U .And the L u k (L r i −1
And then, in order to estimate the state model errors, based on the weighted sum of the observation errors and the state model errors, this paper constructs a constraint function of the state model errors in (19) , as shown at the bottom of the previous page. where Y (t k + t) denotes the observations at k+1 time. W is the model error weighting matrix. By taking the derivative of the constraint function F constraint ( A(t) ) and setting it to zero,
∂F constraint ( A(t)) ∂ A(t)
= 0 (20) this paper can obtain the estimated state model error,
At this point, to quasi-real-time correct the state model using (21) can effectively improve the accuracy of the state model shown in (13) .
Next, use the corrected state model to predict the state X k+1/k and the state error covariance P k+1/k at the next moment according to the following expression
where χ i = f (X i ) And then, calculate the sigma points ε i , i = 0, 1, ...2n of X k+1/k using X k+1/k and P k+1/k , and predict the observations Y k+1/k at the next moment as
And the residual of the observations can be obtained as
When the observational value of pulsar does not match the observation model, the observation error covariance will increase. If the weight of the observation value in the state estimation is not adjusted in time, the filter will diverge. Therefore, it is necessary to adjust the gain matrix in real time. And then, adjust the weights of the pulsar observations in the state estimation to ensure the convergence of the navigation filter.
Thus, in order to adjust gain matrix in real time, this paper introduced the fading factor which satisfies [30] ι k+1 = ι 0 , ι 0 > 1 1, ι 0 ≤ 1 (25) where l 0 is defined as
B i = h(ε i ). β 0 is the weakening factor, and V ς,k+1 is the residual covariance of the observations, which is defined as
ρ is the forgetting factor. Generally set ρ = 0.95. The fading factor above is deduced from the orthogonality principle. Therefore, it can adjust the gain matrix K k+1 in real time and can ensure the following two conditions be satisfied at the same time.
E(ς k+1+j ς T k+1 ) = 0(k = 0, 1, · · · ; j = 1, 2, · · · ) (29) wherex k+1 is the estimated state at k+1 time. min is the minimum expected on the left side of the equal sign.x k+1/k = f (x k ) is the one-step prediction of state at k+1 time. And ς k+1 =Ȳ k+1/k = Y k+1 − h(x k+1/k ) is the residual of the observations at k+1 time. (28) refers to the optimal estimation with minimum estimation error variance. (29) refers to the orthogonality of residuals at different times.
In this paper, the fading factor is introduced into the measurement covariance matrix and the cross-covariance matrix for adjusting the gain matrix in real time. Thus, the predicted observations covariance P YY ,k+1 and the cross covariance P XY ,k+1 adjusted by the fading factor can be obtained as follows,
And the gain matrix K k+1 can be adjusted indirectly,
Finally, the spacecraft' state X k+1 and the state error covariance P k+1 can be estimated and updated as follows with high precision, 
In summary, considering the weak X-ray pulsar signal, serious noise interferences and large state model errors, the proposed method has the ability to estimate and correct the state model error of spacecraft and to realize the quasi real-time adjustment of the gain matrix as well as to ensure the convergences of the navigation filter. Therefore, the proposed method can improve the precision of XPNAV.
IV. SIMULATIONS AND RESULTS

A. SIMULATION CONDITIONS
This section verifies the effectiveness and robustness of the proposed method for XPNAV in the J2000 Earth inertial coordinate system via some simulations. Firstly, select three navigation pulsars that have smaller ranging error σ r from the commonly used five pulsars. σ r can be obtained using (6) . And the results are presented in Fig. 3 . Fig.3 shows that the ranging error of each pulsar decreases with increasing observation time. PSR B0531+21 [31] , PSR B1821-24, and PSR B1937+21 have smaller ranging errors. Thus, these three pulsars are selected as the navigation pulsar. The parameters [32] of them are given in Table 1 . The standard deviations of the ranging errors of the three pulsars are given in Table 2 . Parameters in the simulation are given in Table 3 .The initial states of the spacecraft are given in Table 4 . The spacecraft's whole trajectory is shown in Fig.4 .
In this paper, we compare the proposed method with STUKF and H∞ robust filter in the situations of a normal situation, strong noise, and in the presence of state model errors. These experiments adopt the orbital dynamics model in (8) and the observation equation of the pulsar in (5).
B. SIMULATION RESULTS
On the basis of the above experimental conditions, this paper firstly compares the performance of the proposed method with STUKF and H∞ robust filter in normal situation of weak noise. The results are presented in Fig. 5 . And it is noteworthy that the proposed method performs best in that it has the smallest position estimation errors. The reason is that the state model used in this paper has model errors, which will affect navigation accuracy. Among the three method, the proposed method has the ability to estimate and correct the state model errors while the other two methods do not. Thus, the navigation accuracy of H∞ robust filter and STUKF is lower than that of the proposed method.
We next analyze the XPNAV filtering performance of the proposed method in strong noise environment. In this experiment, the system process noise is increased by a factor of 4, and the other conditions are unchanged. Experimental results are shown in Fig. 6 . Fig. 6 shows that the position and velocity estimation errors of H∞ robust filter and STUKF become larger in stronger noise environment. And it can be seen that strong noise has great effect on the navigation performance. In this experiment, because that both strong noise and state model errors exist, the performances of H∞ robust filter and STUKF deteriorate seriously. Attributed to the estimation and correction of the state model errors and the introduction of fading factor, the proposed method has good robustness against noises and state model errors.
And then, we analyze the XPNAV filtering performance of the proposed method in the presence of state model errors.
Here, we introduce saltatory state X = [0, 0, 0, 0, 2 m/s 2 , 0] when t ∈ (0.2 · t obs , 0.3 · t obs ), t obs is the total observation time. And the actual state model of the spacecraft is changed to the following equation,
We still conduct the XPNAV experiment using the original state model mentioned in (8) and guarantee the same conditions to verify the effectiveness and robustness of the proposed method. Results are shown in Fig. 7 and Fig. 8 . Fig. 7 shows that the position estimation errors of H∞ robust filter and STUKF increase significantly when the spacecraft' state suddenly changes. And the estimation errors decrease when the spacecraft' state returns to normal. STUKF performs better than H∞ robust filter but still has large position estimation errors. It is noteworthy that the proposed method has strong robustness, excellent tracking capability and smaller position estimation errors when the spacecraft's state changes. Due to lack of the ability to estimate and correct the state model errors, the other two methods cannot track the spacecraft' state in real time and thus produce large state estimation errors once the spacecraft' state changes. Fig.8 shows that the position and velocity estimation accuracy of the three method can be improved as the pulsar signal measurement period increases. Because that more pulsar signals are obtained with the increase of measurement period.
To verify the robustness of the proposed method in the presence of larger state model errors, we introduces saltatory state X = [0, 0, 0, 0, 20 m/s 2 , 0] when t ∈ (0.2 · t obs , 0.3 · t obs ), which is 10 times larger than the original state errors set in this paper. And conduct the XPNAV experiment and guarantee the same conditions. Results are shown in Fig.9 . Fig.9 shows that the larger state model errors lead to the larger position estimation errors of H∞ robust filter, STUKF and the proposed method. And then, we analyzed the relationship between the position estimation accuracy and the pulsar signal measurement period in strong noise environment. The results are shown in Fig. 10 .
From Fig.10 we can see that the position estimation errors of the three methods reduces as the pulsar signal' measurement period increases. And we can conclude that, under certain circumstances, the longer the measurement period is, the more pulsar signals will be received, the more accurate the calculation of navigation observations will be, and the higher the navigation accuracy will be. In addition, we can see that the proposed method performs best in that it has the smallest position estimation errors. This further proves the robustness, effectiveness and feasibility of the proposed method.
Finally, we conduct 400 Monte Carlo experiments for quantitative analysis of the position estimation accuracy of the three methods in different situations. The average position estimation errors are given in Tables 5 The results show when the initial position error of the spacecraft is [10 km, 10 km, 10 km] and the initial velocity error is [5 m/s, 5 m/s, 5 m/s] with a filter update time of 300 s 
C. ANALYSIS AND DISCUSSION
The performances of the three methods used in XPNAV are then analyzed.
H∞ robust filter is a robust version of the Kalman filter [24] . It makes no assumption about the disturbances and introduces H∞ norm to minimize the estimation error of the system under the worst interference by minimized the H∞ norm of the error output. However, the optimal H∞ filtering problem is difficult to be solved to obtain the analytic form of the solution. By setting a constraint condition θ , the suboptimal H∞ filter can be achieved. Thus, the constraint condition θ has important influence on the filtering accuracy and robustness. The smaller the threshold is set, the stronger the robustness of this method is and the more serious the loss of filter accuracy is; The larger the threshold is set, the closer the characteristics of H∞ filter are to the standard Kalman filter. In this paper, in order to ensure the robustness of this method, the θ is set as fixed according to engineering practice experience, so that the filter performance has a certain conservative and cannot guarantee the estimation error is small even though the system is robust.
STUKF introduces a fading factor on the basis of UKF to realize the adjustment of the gain matrix and to force the residual sequence to be orthogonal in real time. Thus, the STUKF is more robust to noises and interferences than UKF. However, STUKF has no ability to correct the state model errors. When there are large state model errors and the incompletely orthogonal residual sequences, the estimation accuracy of STUKF will seriously reduce.
The proposed method uses state model errors and observation errors to construct a criterion function of state model error. By minimizing this criterion function, the errors of the system state model can be estimated. And the system state model can be corrected using the minimum state model error. Then, in order to predict the spacecraft' state of the next moment with high precision, the gain matrix is adjusted in quasi real-time by using the fading factor to ensure a minimized variance of the state estimation error and an orthogonal residual sequence at a different time. Thus, attributed to the estimation and correction of the state model errors and the introduction of fading factor, the proposed method has good robustness against noises and state model errors and can significantly improve the navigation accuracy in XPNAV.
V. CONLUSION
In this paper, we have proposed a robust navigation filtering method based on the advantages of the nonlinear prediction theory and strong tracking theory to reduce the serious effect of spacecraft' state model errors and strong noise on XPNAV. The performances of the proposed method have been compared with H∞ robust filter and STUKF. Experimental results of multi-group simulations show that the proposed method can significantly improve the accuracy of position and velocity estimation without increasing the computational complexity. And the accuracy of the proposed method is better than that of H∞ robust filter and STUKF, especially when the state model errors and noises are great. Thus, the proposed method is suited for spacecraft autonomous navigation and is available to estimate the spacecraft's state with high-precision in XPNAV.
The next phase of our research plan is to improve the proposed method by solving the problem of matrix nonsingularity which sometimes exists in this method. Then, based on the proposed method, the XPNAV enhancement technology by combining other methods and information will be researched to improve the accuracy of XPNAV navigation. In addition, extending this method to other robust control systems is also one of the directions of future research.
